In this note I show that for the cohomology of a group with coefficients in Z/pZ, the transfer homomorphism commutes with the Steenrod reduced power operations.
Suppose that G is a group and H a subgroup of finite index. Let P denote the cyclic group of prime order p considered as a subgroup of Sp, the symmetric group on p symbols. As in [2], we denote by 5 > G, the semi direct product of the permutation group S with the group Gp where the former acts on the latter by permuting the factors. Then PXG, ior example, may be considered a subgroup of P $ G by imbedding G in Gp via the p-iold diagonal map. If this is done, the basic Steenrod construction may be described simply: Given a £ H«(G, Z/pZ), form the element 1 $a £ HP°(P>G, Z/pZ) as follows. Let X be a G-projective resolution of Z and suppose fEHomo(Xq, Z/pZ) representsa. Let W be a P-projective resolution of Z with augmentation e. Then W®XP becomes a P>G projective resolution of Z and e®fp is a P$G homomorphism of W®XP into Z ® (Z/p)v^:Z/pZ which is in fact a cocycle whose cohomology classdenoted by 1 $ a-depends only on a. (More generally, we may replace P by any subgroup S of Sp, but then it is necessary to include a sign in the action of 5 on Z®(Z/pZ)p.)
Denote by P(a)=PQ(a) EH**(PXG, Z/pZ) the restriction of l$a to the subgroup PXG. P(a) is the basic object from which the reduced powers are constructed. Consider PC\L. Suppose first that P(~\L=(1). Then the product PL = M is direct. We claim that the transfer from L to P XL is trivial. If this contention is granted, it follows by transitivity that the transfer from L to PXG is trivial, and the contribution from the given orbit is trivial. On the other hand, the claim itself is valid since everything in 77* (L, Z/p) is the restriction of something in H*(PXL, Z/p) and restriction followed by transfer is multiplication by the index which in this case is p.
Suppose instead, that PC\L = P. However, the only elements of Tp which are fixed by P are those of the form (t, t, t, ■ ■ ■ , t) with tET, and the set of all these forms one orbit for PXG. Moreover, in this case, taking (t,t, ■ ■ ■ , t) = (1, 1, ■ • • , 1), we have L=PX77. =pXtrH-^o(p) so that we get the desired result.
Theorem 2. Let G be a group, 77 a subgroup of finite index. For each prime p, the Steenrod reduced power operations commute with transfer from 77 to G.
Remark. To gather all the Steenrod operations within the fold, we note that it is a triviality that the Bockstein homomorphism commutes with transfer.
